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Abstract 
Hamada, N. and M. Deza, A characterization of { 2u, + , + 2~ + ,,2u, + 2us ; t, q }-minihypers 
in PG(t, q) (t 2 2, q 2 5 and 0 < (Y < /II c t) and its applications to error-correcting codes, 
Discrete Mathematics, 93 (1991) 19-33. 
Let F be a set of f points in a finite projective geometry PG(t, q) of t dimensions where 
t 3 2, f > 1 and q is a prime power. If (a) IF n HI 2 m for any hyperplane H in PG(t, q) and (b) 
IF n H( = m for some hyperplane H in PG(t, q), then F is said to be an {f, m; t, q}-minihyper 
where m 20 and IAl denotes the number of points in the set A. 
Recently, all {2(q + 1) + 2,2; 2, q}-minihypers in PG(2, q) have been characterized by 
Hamada [5-61 for any prime power q 3 3 and all {2(q + 1) + 2,2; I, q}-minihypers in PG(t, q) 
have been characterized by Hamada and Deza 19) for any integer t 2 3 and any prime power 
q > 5. The purpose of this paper is to extend the above results, i.e., to characterize all 
{2%+, +2t+?+,, 2u, + 2up; t, q}-minihypers in PG(t, q) for any integers LY and @ such that 
O<cu<p<t where t >2,qa5 and u,=(q’- l)/(q - 1) for any integer 1 >O. klsing those 
results, all (n, k, ti; q)-codes meeting the Griesmer bound are characterized for the GW 
k>3,q>5andd=qk-‘-(2q”+2qP). Notethatu,,=O,u,=land~~=q+l. 
Let F be a set of points in a finite projective geometry PG(t, q) of t dimensions 
where t 2 2 and q is a prime power. If (a) IFI = f and (b) IF n 
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hyperplane H in PG(t, q) and (c) IF n HI = m for some hyperplane M in PG(t, q), 
then F is said to be an (f, m; P,. ~)-rr.i~i~~;~~ ;or an {f, m; t, q}-min l hyper) 
where f 2 1, m 2 0 and IAl denotes the number of points in the set A. The 
concept of a min l hyper (or a max l hyper) has been introduced by Hamada and 
Tamari [ 121. In the special case t = 2 and m 2 2, an {f, m; 2, q)-minihyper I; is 
called an m-blocking set if F contains no l-flat in PG(2, q) (cf. for example [ 1, 
171). 
Let k and d be any integers such that k 2 3 and 1s d c q&-l. Then d can be 
expressed uniquely as follows: 
k-2 
&qk-l- c Eoq” 
a=0 
(1-l) 
using some integers k, Ed, Ed, . . . , E&-2 and q where 0 < E, s q - 1 for & = 
0, 1, . . . , k - 2. It is shown by Hamada [3-41 that in the case d = qkwl - 
CtZt Eaqa, there is a one-to-one correspondence between the set of all 
(n, k, d; q)-codes meeting the Griesmer bound (cf. [2,16 and, 181) and the set of 
all {f, m; k - 1, q}-minihyper if we introduce an equivalence relation between 
two (n, k, d; q)-codes as Definition A. 1 in Appendix A where 
k-2 
f =“c’ k-2 n=v - k c &uVcY+l9 ~aVcril9 m= c GY’UCX 
a=0 lr=o (Y=o 
(l-2) 
and V~ = (q’ - l)/(q - 1) for any integer Ia 0. Hence in the case d = qk-’ - 
Ck:i Eaqa, it is sufficient to characterize all {CkZfl EJJ,,~, CkZ: r,v,; k - 1, q}- 
minihypers in order to characterize all (n, k, d; q)-codes meeting the Griesmer 
bound. 
Since all (n, k, d; q)-codes meeting the Griesmer bound have been charac- 
terized by Helleseth [15] and Van Tilborg [20] in the special case q = 2, k 3 3 and 
1%W2k-1, we shall confine ourself to the case q a 3, k 2 3 and 1~ d c qk-’ in 
what follows. 
In the case Et=; Ed = 1, it is shown by Tamari [19] that F is a {v,+,, v,; k - 
1, q}-minihyper if and only if F is an a-flat in PG(k - 1, q). In the case 
c:Z; &= = 2, it is shown by Hamada [3,4,8] that F is a {v~+~ + v@+~, v + 
vs; k - 1, q}-minihyper if and only if F is a union of an a-flat and a p-flat in 
PG(k - 1, q) which are mutually disjoint where 0 s a s p < k - 1. In the case 
c:z; Em = 3, it is shown by Hamada [3,6-g] and Hamada and Deza [lo] that F is 
a {r&+1 + v/3+1 + vy+19 v, + vB + v,,; k - 1, q}-minihyper if and only if F is a 
union of an a-flat, a /?-flat and a y-flat in PG(k - 1 9 q) which are mutually 
disjoint where q ~5andeitherO<a~/Wy<k-lorO<~~/?sy<k-1. 
Inthecasek~3,q~3andE,=Oorlfor~=O,l,...,k-2, itisshownby 
Hamada [3] that F is a {c”&=‘, E~v,+~, C”,Z’, EJJ,; k - 1, q)-minihyper if and only 
if F is a union of &o O-flats, &l l-flats, . . . , &&__2 (k - 2)-flats in PG(k - 1, q) which 
are mutually disjoint. Hence in the case k 2 5, q a 3 and 0 s LY c /3 < y < 6 c 
k - 1, Fis a (v,+~ + I++~ + vy+] + Q+~, v, + I+ + v, + vs; k - 1, q}-minihyper if 
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and only if F is a union of an a-flat, a p-flat, a y-flat and a &flat in PG(k - 1, 4) 
which are mutually disjoint. Recently, it has been shown by Hamada [6] and 
Hamada and Deza [9] that (1) in the case k=3, 425, cu=p=O and y=6=1, 
there is no (2~~ + 2?+, 2v0 + 2v, ; 2, q}-minihyper and (2) in the case k 3 4, q > 5, 
cy = p = 0 and y = 6 = 1, F is a (2~ + 2vu2, 2~ + 2v,; k - 1, q}-minihyper if and 
only if F is a union of two O-flats and two l-flats in PG(k - 1, q) which are 
mutually disjoint. The purpose of this, paper is to extend the above results, i.e., to 
prove the following theorem. 
Theorem 1.1. Let t and q be any integer 22 and any prime power 25, 
respectively, and let a! and /3 be any integers uch that 0 =S QI c p < t. 
(1) In the case t > 28, F is a (~v.J,+~ + 2~+~, 2v, -b 2~~ ; t, q )-minihyper if and 
only if F is a union of two a-flats and two p-flats in PG(t, q) which are mutually 
disjoint. 
(2) In the case t s 28, there is no { 2v,+ 1 + 27~~ + t, 2v, + 2v, ; t, q )-minihyper. 
From Theorem 1.1 and Proposition A.5 in Appendix A, we have the following. 
Corollary 1.1. Let k and q be any integer ~3 and any prime power a.5, 
respectively. Letd=qk-1-2q~-2qSandn=vk-2v,+,-2vs+, whereOsru< 
p<k-1. 
(1) In the case k > 2fi + 1, C is an (n, k, d; q)-code meeting the Griesmer bound 
if and only if C is an (n, k, d; q)-code constructed by using two o-flats and two 
@-flats in PG(k - I, q) which are mutually disjoint. 
(2) In the case k < 28 + 1, there is no (n, k, d; q)-code meeting the Griesmer 
bound. 
2. The proof of Tiheorem 1.1 
Let S”(E, pcl, p2; t, q) denote a family of all unions of E points, a p,=-flat and a 
p2-flat in PG(t, q) which are mutually disjoint where 0 s E s q - 1 and 1 c ~1, s
~2 < t. Let 9( cu, /I, y, S; t, q) denote a family of all unions of an a-flat, a p-flat, a 
y-flat and a &flat in PG(t, q) which are mutually disjoint where 0 s LY s /3 d y s 
6 < t. Note that (1) Sv(&, pl, p2; t, q) # 0 if and only if p I + p2 5 t - 1 and (2) 
%$Y, /3, y, 5; t, q} #lb if and only if y + 6 s t - 1 (cf. Theorems 2.2 and 2.3 in 
Hamada and Tamari [ 141). In order to prove Theorem 1.1, we shall prepare the 
following three propositions which have been established by Hamada [3-41 (cf. 
Theorem 3.1 and Propositions 4.1 and 4.2 in [4]). 
Proposition 2.1. Let t and q be any integer 23 and any prime power 23, 
respectively, and let LY and /3 be any integers such that 0 6 cy c /3 c t/2. If 
FE~(cY,cY,/~,/~;c,Q), then Fisa (2v,+,+2vS+,,2v,+2v~;t,q)-minihyper. 
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Proposition 2.2. Let t and q be any integer ~2 and any prime power 23, 
respectively. If there exists a (2~ + 1 + 29 +, , 2v, + 2v,+ ; t, q }-minihyper F for 
some integers a! and p such that 0 d cy < p < t, there exists at least one (t - 2)-flat G 
in PG(t, q) such that IF n GI =2vN-, +2+, where v._, =Q and v, = (q’- 
I)/(q - 1) for any integer 12 0. Let Hi (i = 1,2, . . . , q + 1) be q + 1 hyperplanes 
in PG(t, q) which contain G. 
(1) In the case cy = 0, F tl Hi is a { 6i + 2vt3, 21~~3 _ ,; t, q )-minihyper in Hi for 
i=l, 2,..., q + 1 where the 6,‘s are some nonnegative integers such that 
zy_i’ Si = 2. 
(2) In the case a~ 3 1, F fl Hi is a (2~~ -I- 2~13, 2~,_, + 2vlj_,; t, q)-minihyper in 
Hi for i = 1, 2, . . . , q -I- 1. 
Broposition 2.3. Let t and q be any integer 24 and any prime power >3, 
respectively. 
(1) Let E, p and CTi (i = 1,2, . . . , q -I- 1) be any nonnegative integers uch that 
O<&Sq-1, 26/3St/2and Ey_+I’Si=E. If Fisa {EV,+~V~~+,, Evo+2vls;t,q}- 
minihyper such that (a) 1 F n GI = 21+_, for some (t - 2)-flat G in PG(t, q) and 
(b) F n Hi E y”;u(di, p - 1, p - 1; t, q) f or any hyperplane Hi (1~ i c q + 1) which 
contains G, then F E 9U(~, p, p; t, q). 
(2) Let (Y and p be any integers such that 2 s CY < /3 s t/2. If F is a 
12 vcu+, +29+,9 2v, + 2~ ; t, q }-minihyper such that (a) 1 F f~ G I= 2v, _ , + 2v, _ , 
for some (I -2)flat G in PG(t,q) and (b) FfJHiE9(~-1,~-1,P-l,/3- 
1; t, q) for any hyperplane Hi (1 d i d q + 1) which contains G, then F E 
9(% &Y, p, B; 4 4). 
The following proposition whose proof will be given in Sections 3-4 plays an 
important role in proving Theorem 1.1. 
Proposition 2.4. Let t and q be any integer 34 and any prime power 25, 
respectively, and let j3 be any integer such that 2 6 /I s t 12. If F is a (2~~ + 
2v, + ,, 2v, + 2~6 ; t, q )-minihyper such that (a) 1 F n G I= 2vl, _ , for some (t - 2)- 
flat G in PG(t, q) and (b) F n 4 E S(O, 0, p - 1, /3 - 1; t, q) for any hyperplane 
Hi (1 d i d q + 1) which contains G, then F E 9(1, 1, /I, /3; t, q). 
Proof of Theorem 1.1. It follows from Proposition 2.1 that if F E 
9((u, LX, f3, /3; t, q), then F is a {2v,+, + 2vp+,, 2v, + 2v,,; t, q}-minihyper where 
OW<p<t/2. 
Suppose there exists a {2v,+, +2v,+,, 2v, + 2v,,; t, q}-minihyper F for some 
integers (Y and /? such that 0 d LY < /3 < t. Then it follows from Proposition 2.2 that 
there exists at least one (t - 2)-flat G in PG(t, q) such that 1 F n Cl= 2v,_, + 
2Vfi-,* Let Hi (i=1,2,..., q + 1) be q + 1 hyperplanes in PG(t, q) which 
contain G. Then it follows from Proposition 2.2 that (1) in the case LY = 0, F n Hi 
is a { 6, + 2v,#, 2v ,,_,; t, q}-minihyper in Hi for i = 1,2, . . . , q + 1 and (2) in the 
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case cy 2 1, F n Hi is a {2u, + 2v,,, 2u,_, + 2v,_,; t, q}-minihyper 
i=l,2,..., q + 1 where the 6;‘s are some nonnegative integers 
CTZr’ 6i = 2. We shall prove Theorem 1.1 by induction on a and p. 
Case I: Qu=Oand p= 1. 
23 
in H, for 
such that 
It fohows from Proposition A.2 in Appendix A that Theorem 1.1 holds. 
Case II: cy = 0 and /!? 2 2 (i.e., p = 8 + 1 and 8 b 1). 
Suppose Theorem 1.1 holds in the case a = 0 and p = 8, i.e., suppose that (1) 
in the case c > 28, F is a (2v, + 2ve+,, 2~0 + 2~; I, q}-minihyper if and only if 
F E 9(O, 0, 8, 8; t, q) and (2) in the case t s 28, there is no { 2~, + 2u,+, , &, + 
2~; t, q}-minihyper F. 
In the case p = 8 + 1, it follows from induction on /3 and Propositions A.3 and 
A.4 that (1) in the case t-l>28 (i.e., t>2/3-l), FnHi is a {&u,+ 
2%+1 PSiV~~ + 2~; f, q}-minihyper in the (f - I)-flat Hi if and :~nly if I; tl Hi is a 
union of 6i O-flats (i.e., Si points) and two e-flats in Hi which are mutually 
disjoint (i.e., F fl Hi E &(Si, /3 - 1, /? - 1; f, q)) and (2) in the case f - 16 28 
( i.e., fG2P - l), there is no {Si + 2ve+l, 2~,; f, q}-minihyper in Hi. Hence it 
follows from Propositions 2.2 and 2.3 that (1) in the case f > 28 - 1, F E 
9(0,0, /3, p; f, q) and (2) in the case f c 2/3 - 1, there is no {2v, + 2ulj+, 224, + 
2vp; f, q)-minihyper F. Since 9(0,0, p, /I; I, q) = 0 in the case t = 28, there is no 
(2~~ + ~zJ~~+~, 22/O + 2~; f, q}-minihyper F in the case t = 2/I. Hence Theorem 1.1 
holds in Case II. 
CaseIII: tt=landpa2. 
It follows from Cases I and II that (1) in the case t - 1 > 2(/3 - 1) (i.e., 
t>2P - l), F fI Hi is a (2~1 + 2v,j, 2uo + 29 _ I ; t, q}-minihyper in the (f - I)-flat 
Hi if and only if FflHi~~(O,O,~-l,~-l;t,q) and (2) in the case f-is 
2(/I - 1) (i.e., f S 28 - l), there is no {2v, + 2v,,, 2vo + 2v,,_ I; t, q}-minihyper in 
Hi. Hence it follows from Proposition 2.4 that (1) in the case f > 213 - 1, 
F E 9(1, 1, /?, p; t, q) and (2) in the case f s 28 - 1, there is no (2~ + 
2v,+,, 2u, + 2v,; t, q}-minihyper F. Since 9(1, 1, /3, p; t, q) = 0 in the case 
t=2/3, there is no (2u2+2ufi+,, 2u, + 2v,,; f, q}-minihyper in the case 6 = 28. 
Hence Theorem 1.1 holds in Case III. 
Case IV: 2Sa<P<f. 
It follows from Propositions 2.2, 2.3 and induction on (Y and /!I that Theorem 
1.1 holds. This completes the proof. Cl 
Remark 2.1. In the case f = 2, cy = 0, /3 = 1 and q = 3 or 4, it is shown by 
Hamada [5,6], that there exists a {2v, + 2u2, 2uo + 2u,; 2, q}-minihyper F in 
PG(2, q) such that F $ 9(0,0, 1, 1; 2, q). Hence Theorem 1.1 does not hold in 
the case q = 3 or 4. 
3. The proof of Proposition 2.4 for the case B = 2 
Let V and W be an a-flat and a p-flat in PG(f, q), respectively, such that 
VWV is an m-flat in PG(r,q) where fa2, qs3 and O~rn~&~@<f. Let 
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V $ W denote the (cu + /? - m)-flat in PG(t, q) which contains two flats V and W. 
In the special case V n W = 0 (i.e., m = -l), V @ W denotes the (Q + /3 + 1)flat 
in PG(t, q) which contains two flats V and W. In what follows, let v1 = 1, 
~~=q+landv,=q~+q+l. 
Lemma 3.1. Suppose there exists a {2v2 + 2v3,2v, + 2v2; t, q )-minihyper F for 
some integer t > 4 and some prime power q > 5. 
(1) If H is a hyperplane in PG(t, q) such that mv2 + nv3 < IF f7 HI < (m + 
l)v2 + nv3 for some integer m in (0, 1, . . . , q - 1) and some integer n in (0, 1,2), 
then F n H is a {IF n HI, mvl + nv2; t, q)-minihyper in H. 
(2) There is no hyperplane H in PG(t, q) such that e,,,,, + m.v2 + nv3 c IF n 
HI c (m + 1)v2 i- nv3 for any integer m in (0, 1, . . . , q - 1) and any integer n in 
(0, I, 2) where O,,,, denotes the maximum value in (4 - m - n, -1). 
(3) There is no hyperplane H in PG(t, q) such that IF n HI = qv2 or qv2 + v3. 
Proof. (1) In the case (m, n) = (0, 0), it is obvious that F n H is a {IF n 
HI, 0; t, q}-minihyper in H. 
Suppose there exists a (t - 2)-flat G in H such that IF n GI s (mv, + nv,) - 1 
for some integers m and n such that (m, n) # (0,O). Let Hi (i = 1,2, . . . , q) he q 
hyperplanes in PG(t, q), except for H, which contain G. Since IF n Sri1 3 
2v, + 2v2 for i = 1,2, . . . , q, it follows from q 3 4 and (m, n) # (0, Oj that 
IFI=IFnHI+$ {IFnHil-IFnGI}~2v2+2v3+(q-4+m+n)>jFI, 
i=l 
which is a contradiction. Hence IF n Cl 2 mvl + nv2 for any (t - 2)flat G in H. 
If there exists a (t - 2)-flat G in H such that )F 17 GI = mv, + nv2, then F n H is a 
{ 1 F n HI, mv, + nv2; t, q}-minihyper in H. 
Suppose IF n GI > mvl + nv2 for any (t - 2)-flat G in H. Then there exists a 
subset F* in F n H such that (a) IF* n Al > (m + 1) + nv2 for any (t - 2)flat A in 
H and (b) IF* n Cl = (m + 1) + nv2 for some (t - 2)-flat G in H. Since m + 1 < v2 
and ta4, F*nG is a {(m + l)v, + nv2, nv, ; t, q )-minihyper in G. Hence there 
exists a (t - 3)-flat C in G such that IF* n Cl = nvl = n. Let Ai (i = 1,2, . . . , q) 
be q (t - 2)flats in H, except for G, which contain Z’. Then 
IFnHl~lF*nHl=lF*nGI+~ {IF*nAil-IF*nZI} 
i=l 
2 (m + 1)v2 + nv3 > IF n HI, 
which is a contradiction. Hence IF n G I = mvl + nv2 for some (t - 2)-flat G in H. 
(2) Suppose there exists a hyperplane H in PG(t, q) such that 
0,,,,+mv2+nv3~jF~H~~(m+1)v2+nv3 
for some integer m in (0, 1, . . . , q - 1) and some integer n in (0, 1,2). It follows 
from (1) that there exists a (t - 2)-flat G in H such that IF n GI = mvl + nv2. Let 
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Hi (i = 1, 2, . . . , q) be q hyperplanes in PG(t, q), except for H, which contain G. 
Then 
(FI=if’nHl+E {IFnHil_IFnGI1>2v,+2v,=IFI, . 
i=l 
which is a contradiction. Hence (2) holds. 
(3) Suppose there exists a hyperplane H in PG(t, q) such that IF n HI = 
qv2 + nv3 for some integer n in (0, 1). Using a method similar to the proof of (l), 
it can be shown that (F n GI aqvl + nv 2 for any (t - 2)-flat G in H. If 
IF n GI > q + nv2 (i.e., IF n GI 2 (n + 1)v2), it follows from the proof of (1) that 
IF n H( > (n + 1)v3. Since 
IF n H( = qv2 + nv3 < (n + 1)v3, 
this is a contradiction. Hence IF n GI = qvl + nv2 for some (t - 2)-flat G in H. 
This implies that F n H is a {qua + nv3, qv, + nv2; t, q}-minihyper in H. Using a 
method similar to the proof of (2), it can be shown that (3) holds in the case 
q 2 5. This completes the proof. Cl 
Lemma 3.2. If there exists a {2v2 + 2v3, 2v, + 2v2; t, q}-minihyper F for some 
integer t 34 and some prime power q 3 5, then IF n HI = 2v, + 2v2, v1 + 3v2, 
4212, 2V, + V2 + 213, V1 + 2V, + V3, 32)~ + v3, 2Vl + 2V3, VI -+ V2 -k 2V3 Or 2V2 + 2V3 
( i.e., [FnHI=2q+4, 3q+4., 4q+4, q2+2q+4, q2+3q+4, q2+4q+4, 
2q2 + 2q + 4, 2q2 + 3q + 4 or 2q2 + 4q + 4) for any hyperpiane H in PG(t, q). 
Proof. Since (F n HI 3 2vI + 2v2 for any hyperplane H in PG(t, q), it follows 
from Lemma 3.1 that IF n HI = 2 + 2V2, 3V2, 1+ 3?J2, h2, v3, 1 + lJ3, 2 + V3, 
3+V3, Vz+V3, l+vz+v3, 2+V2+v3, 2V2+V3, l+2V2+V3, 3V2+V3, 2v3, 
I+ 2v3, 2 + 2v3, v2 + 2v3, I+ v2 + 2v3 or 2v2 + 2v3. Hence it is sufficient to show 
that there is no hyperplane H in PG(t, q) such that IF n HI = 3212, v3, 1+ u3, 
2+v3, 3+V3, V2+V3, l+V2+V3, 2v2 + v,, 2v3, 1 + 2v3 or v2 + 2v3_ Suppose 
there exists a hyperplane H in PG(t, q) which satisfies the above condition. 
case 1: IF n HI = 3v2. 
It follows from Lemma 3.1 that F f7 H is a (3v2, 3v,; t, q )-minihyper. Hence 
there exists a (t - 2)-flat G in H such that (F n Cl = 3vl = 3. Lea Hi (i = 




IF n (&\G)I = IF n HiI - 3 > 2q + I 
for i = 1,2: c _ c ? qF there exists a hyperplane I7 in {H,, H2, . . . , Hq} such that 
IFnnl=2q+5=(2V,+2V,)+l. SinCe 2+2V~<~i-%3~~, this is a con- 
tradiction. Hence there is no hyperplane H in PG(t, q) such that (F n H( = 3v2. 
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Similarly, it can be shown that if (F n Zfl = 2 + v3, 1 + v2 + v3, 2v2 + v3, 
1 + 2v3 or v2 + 2v3, there exists a hyperplane n in PG(t, q) such that IF n nl= 
(2~; + 2v2) + 1. Hence there is no hyperplane H in PG(t, q) such that IF n HI = 
2+v3, l+V2+V3, &+V3, l+2v30r v2+2v3. 
Case II: IF n HI = 1 + v3, v2 + v3 or 2v3. 
Using a method similar to Case I, it can be shown that there exists a 
hyperplane II in PG(t, q) such that IF n n( = (2v1 + 2v2) + 6 for some integer 6 
in { 1,2}. This is a contradiction. Hence there is no hyperplane H in PG(t, q) such 
that IF n HI = 1 + v3, v2 + v3 or 2v3. Similarly, it can be shown that there is no 
hyperplane H in PG(t, q) such that IF n HI = vu3 in the case q > 5. 
Case III: (F n HI = v3 + 3. 
Since FnHis a {3+v 3, ~2; t, q}-minihyper, there exists a (t - 2)-flat G in H 
such that IF n Gl = v2. Let Hi (i = 1,2, . . . , q) be q hyperplanes in PG(t, q), 
except for H, which contain G. Then it follows that IF n HiI = 2vl + 2v2, i.e., 
F n Hi is a (2~~ + 2~2, 2v0 + 22~~; t, q}-minihyper for i = 1,2, . . . , q. Hence it 
follows from Proposition A.2 that 
FnH,EF(O,O, 1, l;t,q), i.e., FnH,={P,, P2}ULlUL2 
for some two points Pi, P2 and some two l-flats L1 and L2 in HI which are 
mutually disjoint. 
Since IL, n Gl = 1 or v2 and IL2 n Gl = 1 or v2 for any (t - 2)-flat G in the 
(t - 1)flat HI, there is no (t - 2)-flat G in HI such that ((F n HI) n Gl = v2. Since 
I(FnH,)nGI=IFnGl=v,, 
this is a contradiction. Hence there is no hyperplane H in PG(t, q) such that 
IF n HI = v3 + 3. This completes the proof. Cl 
Lemma 3.3. Let t and q be an integer t a 3 and a prime power q 2 3 respectively. 
If F is a set of 2v2 points in PG(t, q) such that IF n H( > 2 for any hyperplane H in 
PG(t, q), then F is a (2v2, 2v,; t, q)-minihyper. 
Proof. If there exists a hyperplane H in PG(t, q) such that IF n HI = 2, then F is 
a { 2v2, 2v, ; t, q }-minihyper. Suppose IF n HI > 2 for any hyperplane H in 
PG(t, q). Then there exists a subset F* in F such that IF* n I71 2 3 for any 
hyperplane n in PG(t, q) and IF* n H( = 3 for some hyperplane H in PG(t, q). 
Since 3 < v2, there exists a (t - 2)flat G in H such that F* n G = (F* n H) n 
G = 8. Let Hi (i = 1, 2, . . . , q) be q hyperplanes in PG(t, q), except for H, which 
contain G. Since 1 F” n HiI 2 3 for i = 1,2, . . . , qt we have 
IFI+F*I= (F*nHI+i IF*nH@ ~V+~V~=(FI, 
i=l 
which is a contradiction. Hence there exists a hyperplane H in PG(t, q) such that 
IF n HI = 2. This completes the proof. El 
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Lemma 3.4. Let G be any (t - 2)-flat in PG(t, q) and let Hi (i = 1, 2, . . . , q + 1) 
be q + 1 hyperplanes in PG(t, q) which contain G where t 3 3 and q > 3. Let 
Li(laiSq+P) be a l-flat in Hi such that (a) GnL,=GnL,=====Gn 
L 9+1= tQ> f OP some point Q in G and (b) Li = Ei (i = 1,2, . . . , n) and L, # Ei 
( i=ra+l,n+2,... , q + 1) for some integer n in (2,3, . . . , q) where Ei denotes 
a l-flat in Hi such that (L, @ L2) n Hi = Ei. 
(1) Let 8 be any integer in (n + 1, n + 2, . . . , q + l} and let A&, = G n (L, @ 
E@). Then Me iA a l-flat in G passing through the point Q. Let C be any 
(t - 3)-flat in G such that 2 n Me = (Q). Then there exist at least n - 1 
hyperplanes l& (k = 1,2, . . . , n - 1) in PG(t, q) such that l& n G = C, I& n 
HO=Z1@EBandl&n(Li\G)=8fori=l,2,...,q+1,i.e., 
9+1 
nkn U Li =(Q>* ( ) i=l 
(2) Let G be any (t - 3)flat in G such that Q $ C and let Y = Uy_‘! Li. Then 
1 Y n I71 = vu2 for any hyperplane I7 in PG(t, q j such that II n G = C. 
Proof. (1) Since LO # Ee (i.e., LO n I$, = (Q}), it is obvious that Le @ Ee is a 
2-flat in the (t - l)-flat He and Me is a l-flat in G passing through Q. 
Let C be any (t - 3)flat in G such that C n Me = (Q}. Let l7j (j = 1,2, . . . , q) 
be q hyperplanes in PG(t, q), except for HO, which contain the (t - 2)-flat C CEI Ee 
in He. Then it follows from C fl Me =(Q} that Gnq=Z’, H,nq=Z@E, 
and 
for j = 1,2, . . . , 4. Since Q E Li for i = 1, 2, . . . , q + 1 and Q E nj for j = 
1,2,. . . , q, there exists only one integer pi in (1,2, . . . , q} such that Li c I7& 
for each integer i in (1,2,...,q+1}\(0}. Since LiCLl@Eo for i= 
1,2,. . . , n, it follows that /I$ = p2 = l - l = pn. Hence we can assume without loss 
of generality that /J, = p2 = l l n = f& = n and pi 3 n for any integer i in (n + 
l,n+2,..., q+1}\(0}. Since L,fIIIj=(Q} and either LicI7j or LiCIIIj= 
(Q} for each integers i and j, this implies that Li fI I& = (Q} for i = 
1, 2, . . . , q + 1 and k = 1,2, . . . , n - 1. Hence (1) holds. 
(2) Since ILifl I71 = 1 or v2 for any integer i in (1,2,. . . ,q + l} and any 
hyperplane I7 in PG(t, q), it follows from Q E Li and Q $ I7 that JY n III = 
cfz/ JLi fl III = q + 1 = IJ~. This completes the proof. Cl 
Proof of Proposition 2.4 for the case j? = 2. Let F be any (2v, + 2~5, 2v, + 
2v2; t, q}-minihyper such that (a) )F n G/ = 2 for some (t - 2)-flat G in ?G(t, q) 
and (b) Ffl Hi E 9(0,0, 1, 1; t, q) for any hyperplane Hi (1 <i sq + 1) which 
contains G where t 2 4 and q 2 5. Then F n G = (Q, , Q2} for some two poinis 
Q, and Q2 in G and 
F fl Hi = (cl, &2) U Lil U Liz 
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for some two points &, & and some two 1-fiats Lil and Liz in Hi which are 
mutually disjoint where G 17 {&, &} = 8, G n Lil = {Q,} and G n Liz = { Q2} 
for i = 1,2, . . . , q + 1. 
Let X = {Pi,, &, &, Pz2, . . . , Pq+l,l, Pq+1.2} and Y$ = U$’ L, for j = 1,2. 
Since IH n Lijl= 1 or q + 1 for any hyperplane Al in PG(t, q), it follows from 
QiEL~~thatIHn~1=Iq+lforsomeirategerIin(O,l,...,q+1). 
Since 1H n FI = JH n Xl + IH n Y,l + IH n Y21, it follows from Lemma 3,2 that 
IH n Xl 3 2 for any hyperplane H in PG(t, q). Hence it follows from 1x1 = 2v2, 
Lemma 3.3 and Proposition A.1 that X E 9(1, 1; t, q), i.e., X = Mi U M2 for 
some two l-flats MI and M2 in PG(t, q) such that M, c7 M2 = 0. Without loss of 
generality, we can assume that 
Ml = {SI, h . . . 9 Pq+d and Mz= (42, P’, . . . p Pq+1.2)- 
NotethatGnM,=0, GnM,=0, M,nl$=0andM,nY$=Bforj=1,2. 
Let V = L1, $ Lzl and Ei = V n Hi for i = 1,2, . . . , q + 1. Then V is a 2-flat in 
PG(& q) such that G n V = {Q,> and Ei is a l-flat in Hi such that G n Ei = {Q,} 
where El =L1, and EZ= Lz,. Since V=L11ULzlUE3UE4U-•UEq+,, it 
follows that if Lil = Ei for i = 3,4, . . . , q + 1, then Y, = V, i.e., Yl is a 2-flat in 
PG@, q)= 
Suppose there exists an integer y in {3,4, . . . , q + 1) such that L,,I # E,,. 
Without loss of generality, we can assume that Li, = Ei (i = 1, 2, . . . , n) and 
Lil # Ei (i = n + 1, n + 2, . . . , q + 1) for some integer n in {2,3, . . . , q}. 
If Paj E E, and Psi E Es for some integer j in { 1,2} and some distinct integers (Y 
and #I in (3,4, . . . , q + l}, then 
This implies that Mj fl L1, = {Plj>, i.e., Mi n Y, # 0, which is a contradiction. 
Hence there are no distinct integers cy and /!I in {3,4, . . . , q + 1) such that 
Paj E Ea and Psi E Es for j = 1,2. 
CmeI: n=2or3. 
Since (q + 1) - 3 2 3, there exists an integer 8 in {4,5, . . . , q + 1) such that 
Pe, $ Ee and Pe2 $ Ee. Let 
Then Me, NOI and NO2 are l-flats in G passing through Q, . Let C be a (t - 3)flat 
in G such that ZnMO={Q,}, ZnN,,={Q,}, ZnN82={Q,} and Q&5’. 
Then it follows from Lemma 3.4 that there exists a hyperplane nin PG(t, q) such 
thatnnG=C, IInH,=C$E,, nnY,={Q,}andInnY,I=v,. . 
Since C n N,,l = (Q,} and C n NO2 = (Q,>, it follows that Per $ II and PO2 $ R, 
i.e., 
lnnM,(=l and ;I7nM,I=l. 
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Since F = MI U M2 U Y, U Y2, this implies that 
which is a contradkion. Hence n 2 4. 
Case II: 4sn sq. 
Let M=Gn(L,+,,l @ Eq+i) and let C be a (t -3)-flat in G such that 
C n M = (Q,} and Q2 $ C. Then it follows from Lemma 3.4 that there exist at 
least three hyperplanes Z7,, (k = 1,2,3) in PG(t, q) such that 
Since there exist at most one integer LY in { 1,2,3} and at most one integer /3 in 
{ 1,2,3) such that MI c I?, and M2 c &, there exists a hyperplane l7 in 
(n,, n2, n,) such that Inn M,I = 1 and II7 n M2i = 1, i.e., 
which is a contradiction. Hence Ljl = Ei for i = 3,4, . . . , q + 1. This implies that 
Y1 is a 2-flat in PG(t, q). 
Similarly, it can be shown that Y2 is a 2-flat in PG(t, q). Hence 
F=M1UM2UY,UY2~9(1, 1,2,2;t,q). 
This completes the proof. Cl 
4. The prewf of Proposition 2.4 for the case @a 3 
Using a method similar to the proofs of Lemmas 3.1, 3.2 and 3.4, we can prove 
the following two lemmas. 
Lemma 4.1. If there exists a {2v2 + 2vs+, , 2v, + 22~~ ; t, q )-minihyper F for some 
integers t,/? and q such that ta2/326 and 425, then IFnH(=2uI+2vp, 
v,+v2+2v/3, 2v,+2v,, 2v,+v,+v,,,, ?J,+v,+vj3+v/3+~, 2v,+v,+v,+,, 
214 + 2vs+,, v1 + v2 + 2vs+, or 2v2 + 2~+~ for my hyperplane H in PG(t, q). 
Lemma 4.2. Let G be any (t - 2)-flat in PG(t, q) and let Hi (i = 1, 2, . . . , q + 1) 
be q + 1 hyperplanes in PG(t, q) which contain G where t 2 4 and q 2 3. Let 
kI$ (1 d i s q + 1) be a (/? - I)-fiat in Hi such that (a) G fl W, = G n W2 = - - = - 
G n W,+I =Vforsome(B-2)-flatVinGand(b)~~=Ei(i=1,2,...,n)and 
Wi # Ei (i = n + 1, n + 2, . . . , q -I- 1) for some integer n in (2, 3, . . . , q) where 
3S/3<tandEi=(WI@W2)nHifori=l,2,...,q+1. 
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(1) Let 0 be any integer in (n + 1, n + 2, . . . , q + l} and let Me = G n (W, @ 
Ee). Then Me is a (p - I)-flat in G which contains V. Let C be any (t - 3)-flat in G 
such that Ci7 Me = V. Then there exist at least n - 1 hyperplanes I& (k = 
1,2,...,n - 1) in PG(t,q) such that l&n G =C, l&n He =C@ E0 and 
II#(W-\G)=@fori=1,2,. . . ,q+l. 
(2) Let C be any (t - 3)-flat in G such that V Q C (i.e., C n V is a (@ - 3)-flat) 
and let 
Then IY n I71 = v0 for any hyperplane l7 in PG(t, q) such that l7 n G = C. 
Proof of Proposition 2.4 for the case 8~ 3. Let Fbe any {2v2+2vg+,,2v,+ 
2v,; t, q}-minihyper such that (a) IF n GI =2v6-, for some (t -2)-flat G in 
PG(t, q) and (b) F n Hi E 9(0,0, p - 1, p - 1; t, q) for any hyperplane Hi 
(1 s i s q + 1) which contain G where t 2 2p 3 6 and q > 5. Then 
F fl Hi = {cl, f$) U Wi1 U Wi2 
for some two points &, 82 and some two (p - l)-flats Wi1 and Wia in Hi which are 
mutually disjoint for i = 1, 2, . . . , q + 1. 
Since IG n Wijl= I.+~ or us for j = 1, 2, it follows from 
J(F n Hi) n G( = IF n GI = 2793-l 
thatGn{~1,P1:2}=8fori=1,2,...,q+1andGnW,j=GnW,i==.~=Gn 
W 9+l,j = 6 for some (P - 2)-flat y in G. Let 
9+1 
Since iM I? W,,l = vs_l or v8 for any hyperplane H in PG(t, q), it follows that 
IH n qI= f(v, - v& + vc+l = !q@-’ + q’= + l l l + q + 1 
for some integer I in (0, 1, . . . , q + l}. 
Since IH n F) = IH n Xl + I H n YIl + I H n Yzl, it follows from Lemma 4.1 that 
(H n Xl 2 2 for any hyperplane H in PG(t, q). Hence it follows that X = A& U M2 
for some two l-flats MI and M2 in PG(t, q) such that MI n M2 = 0. Without loss of 
generality, we can assume that Mi = {plj, pzj, . . . , Pq+,,j} for j = 1, 2. 
Using Lemma 4.2 and a method similar to the proof of Proposition 2.4 for the 
case /!I = 2, it can be shown that yi is a /Mat in PG(t, q) for j = 1,2. Hence 
F = M, u M2u Y, U Y2 E 9(1, 1, /3, /3; t, q). 
This completes the proof. Cl 
Appendix A. 
In order to 
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Prelimimry resdts for the proof of Theorem 1.1 
prove Theorem I. 1, we prepare the following four propositions. 
Proposition A.1 (Hamada [8]). (1) In the cme t = 2 arid q 2 3, there k no 
{2u2, 2v,; 2, q}-minihyper. 
(2) In the case t a3 and q 2 3, F is a (2~2, 2v, ; t, q )-minihyper iff F E 
w, 1; 6 4). 
(3) In the case t = 2 and q 2 4, there is no {V 1 + 2v,, v. + 2v I ; t, q )-minihyper. 
(4) In the case ta3 and 434, F is a {v,+2v,, v,,+2v,;t,q}-minihyper iff 18 
F E 9(0, 1, 1; t, q). 
Proposition A.2 (Hamada [6] and I-Iamada and Deza [9]). (1) In the case t = 2 
and q 2 5, there is no { 2v1 + 2v2, 2~ + 2v 1 ; t, q )-minihyper. 
(2) In the case t 2 3 and q 2 5, F is a {2v, + 2u2, 2vo + 2v,; t, q}-minihyper if 
F E 9(0,0, 1, 1; t, q). 
Proposition A.3 (Hamada [4,8]). Let t and q be any integer 23 and any prime 
power 23, respectively, and let /3 be an integer such that 2 G /3 < t. 
(1) In the case t >2/3, F is a (2vs+,, 22~~; t, q )-minihyper iff F E S(/3, /3; t, q). 
(2) In the case t d 2p, there is no { 2v, + ], 2v, ; t, q )-minihyper. 
Proposition A.4 (Hamada and Deza [lo]). Let t and q be any integer a2 and any 
prime power 35, respectively, and let a! and /3 be integers uch that 0 s cy < p c t. 
(1) In the case t >2p, F is a {v,,, + 2vfi+,, u, + 2v,; t, q}-minihyper iff 
FE S(W B, P; t, q)a 
(2) In the case t d 28, there is no {v, + 1 + 2~ + 1, v, + 2~ ; t, q } -minihyper. 
In what follows, we shall describe some connections between minihypers and 
(n, k, d; q)-codes meeting the Griesmer bound (cf. Theorem 5.1 and Remarks 
5.1-5.3 in Hamada [4] in detail). In a Galois field GF(q’), there exists an 
element Q! (called a primitive element) such that every nonzero elsslent of 
GF(q’) can be represented by LYE (u = 0, 1, . . . , qk - 2) where k 2 3. It satisfies 
an irreducible equation of degree k with coefficients from GF(q): 
tYk + bk-,QI k--l+.. m+b,a+b,=O 
and CV~‘-’ = 1. Using (A. l), every nonzero 
represented uniquely by a polynomial in LY, 
coefficients from GF(q). If 
(A4 
element LY~ of GF(qk) can be 
of degree at most k - 1, with 
&j-l 
= +-I&f ‘-’ + Cj,&_2Lykv2 + l l . + Cjl Lt’ + Cj() (A.2;. 
for j=l,2,...,qk- 1, then the correspondence &’ c* (Cj,& _ 1, Cj,&_2, . . . , Cjo) 
andOc*(O,O,. . . , 0) induces a vector space structure on GF(qk) over GF(q). Let 
W(k;q)=(Q)U(~,Ij=l,2,...,qk-1) 
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and 
where Q denotes the zero vector and vk = (q’ - l)/(q - 1) and _ci’ = 
( Cj,k-1, Cj,k-2, l l w 9 Cjo) for i = 1, 2, . . . , tf - 1. Then W(k; q) is a k-dimensional 
V&Or Space Over GF((I) COnSiSting of column Vectors and & is a set of Vk nonzero 
vectors in W(k; q) such that any two vectors in Sk are linearly independent over 
GF(~). Since auk E GF(~), vk vectors in Sk may be regarded as vk points in 
PG(k - 1, q). Note that for any nonzero vector r in W(k; q), there exists a 
unique vector x in Sk such that z = ax for some nonzero element a in GF(q). 
Proposition A.5 (Hamada [4]). Let F be a set off vectors in Sk and let C be the 
subspace of V(n; q) generated by a k x n matrix (denoted by G) whose column 
Vt?CtOrS COmkt Of all VeCtOrS in Sk \ F where n = vk - f, 1 <f < Vk - 1 and V(n ; q) 
denotes an n-dimensional vector space over GF(q) consisting of row vectors. 
(1) Let Hg = {y E & 1 z 'y = 0 over GF(q)} for a nonzero vector z in W(k ; q). 
Then HZ is a hyperplane in PG(k - 1, q) and the weight of the code vector &‘G in 
C is given by 
w(g’G) = JF n HZ1 + qk-’ -f (A.3) 
where w(u) denotes the number of nonzero elements in the vector u. 
(2) In the case k 23 and lsd<qk-‘, C is an (n, k, d ; q)-code meeting the 
Griesmer bound if and only if F is a (vk - n, 2/k_ 1 - n + d ; k - 1, q )-minihyper. 
Remark A.l. If F E 9(a, p, y, 6; k - 1, q), the code C generated by a matrix 
whose column vectors consist of all vectors in &\F is said to be a code 
constructed by using an a/-flat, a p-flat, a y-flat and a &flat in PG(k - 1, q) which 
are mutually disjoint. 
Remark A.2. Proposition A.5 shows that in the case k 2 3 and d = qk-’ - 
CtZi eaqa, there is a one-to-one correspondence between the set of all 
nonequivalent (n, k, d; q)-codes meeting the Griesmer bound and the set of all 
k-2 
Grvcr+I~ c EJJ,; k - 1, q -minihypers 
cu=o I 
if an equivalence relation among (n, k, d; +codes is introduced as follows. 
Definition A.l. Two (n, k, d; q)-codes C, and C2 are said to be equivalent if 
there exists a k x n generator matrix G2 of the code C2 such that G2 = G1 PD (or 
G2 = G, DP) for some permutation matrix P and some nonsingular diagonal 
matrix D whose entries are from GF(q) where G, is a k x n generator matrix of 
C** 
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